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This paper presents a Monte-Carlo study of percolation in a distorted square lattice, in which,
the adjacent sites are not equidistant. Starting with an undistorted lattice, the position of the
lattice sites are shifted through a tunable parameter α to create a distorted empty lattice. In this
model, two neighboring sites are considered to be connected to each other in order to belong to
the same cluster, if both of them are occupied as per the criterion of usual percolation and the
distance between them is less than or equal to a certain value, called connection threshold d. While
spanning becomes difficult in distorted lattices as is manifested by the increment of the percolation
threshold pc with α, an increased connection threshold d makes it easier for the system to percolate.
The scaling behavior of the order parameter through relevant critical exponents and the fractal
dimension df of the percolating cluster at pc indicate that this new type of percolation may belong
to the same universality class as ordinary percolation. This model can be very useful in various
realistic applications since it is almost impossible to find a natural system that is perfectly ordered.
PACS numbers: 64.60.ah, 64.60.al, 64.60.an, 64.60.De, 05.70.Fh
I. INTRODUCTION
Percolation is an intensely studied model of statistical
mechanics and has been widely applied to interpret and
describe numerous physical, natural and social systems
[1]. The popularity of the model can be attributed to the
coexistence of simplicity in its proposition and richness
in its outcome [2].
The mathematical model of percolation was first pro-
posed by Broadbent and Hammersley in 1957 [3]. It grad-
ually became widely accepted by physicists [4] and was
successfully applied to study and understand the proper-
ties of metal-insulator transition [5], magnetic materials
[6], spin quantum Hall effect [7], growth models [8, 9]
and networks [10–12]. Percolation is also frequently used
in subjects like chemistry, geophysics, environmental sci-
ences, medical sciences and social sciences to analyze is-
sues such as polymer gelation [13], colloids [14, 15], flow
of oil through porous media [16], fractality of coast lines
[17, 18], spreading of forest fire [19, 20], epidemic out-
bursts [21], neuron communication [22], tumor induced
angiogenesis [23] and numerous other systems. It is a
highly active field of research with many open problems
[24].
In a typical site percolation problem, the sites of a reg-
ular empty lattice are occupied randomly with a prob-
ability p, called occupation probability. A cluster is
formed when two neighboring sites are occupied. If any
nearest neighbor of any of the sites in the cluster gets oc-
cupied, it is also included in the cluster. For small values
of p, many small isolated clusters are formed in the lat-
tice. As p is gradually increased, these clusters start to
merge and at a certain value of p (= pc, called the perco-
lation threshold), a single cluster spans the lattice. This
sudden appearance of a spanning cluster marks a phase
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transition (continuous in this case) when the cluster-size
and the correlation length diverge. The percolation tran-
sition possesses a number of remarkable characteristic
features and exhibits interesting critical behavior to form
an important universality class.
Another primitive and widely used model is bond per-
colation where the empty bonds between the preoccu-
pied sites are occupied randomly. The value of perco-
lation threshold for bond percolation in infinite square
lattice has been analytically calculated to be pc =
1
2
,
unlike site percolation, for which, best numerical esti-
mate is pc ≈ 0.592746. An interesting extension of these
two basic models is the site-bond percolation [25], where
the sites are occupied with probability ps and the bonds
between neighboring occupied sites are filled with prob-
ability pb. Percolation models like explosive percolation
[9, 26–28], bootstrap percolation [29], directed percola-
tion [3, 19, 21], correlated percolation [13, 30] and a lot of
other variants are available in the literature. These mod-
els have been proposed and studied not only for meeting
the requirement of different systems but also out of pure
mathematical interest.
Several percolation studies have addressed the geo-
metric and transport properties of disordered systems
[13, 30, 31]. A model [32] has been introduced with an
additional source of disorder, in which the sites are oc-
cupied randomly with discs of random radii. The bonds
are considered occupied if the discs satisfy certain pre-
defined conditions. The critical behavior indicates that
this model belongs to the same universality class as or-
dinary percolation. Another interesting model [33] deals
with a weighted planar stochastic lattice (WPSL); and
from the calculated values of the critical exponents the
authors conclude that percolation on WPSL belongs to
a different universality class.
In the present work, we introduce a new model of per-
colation in a distorted square lattice. To begin with, a
regular empty square lattice has been considered. The
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FIG. 1. (Color online)Two typical representations of 5× 5 distorted lattices are shown with (a) α = 0.1 and (b) α = 0.2. The
intersection points of the dotted lines are the undistorted lattice positions and blue/red circles represent the distorted positions.
A possible configuration of two neighboring lattice points (magenta) is shown in (c). These two points may take any position
within their respective squares (in gray) of length 2α centered at the undistorted positions (open circles). The undistorted
distance is taken to be 1, whereas, their distance δ in the distorted lattice may vary between δm and δM .
positions of the sites are then shifted to create a dis-
torted lattice. The amount of shifts are not same for all
the sites but are controlled by a tunable distortion pa-
rameter. The percolation properties are studied for low
to moderate distortion with a vision to work on a lattice
that is not perfectly ordered but not too much disorga-
nized either. In section IIA we give the details about the
preparation of lattice. The percolation logic on this lat-
tice is explained in section II B. We present our results in
section III. In III A, we show the variation of percolation
threshold and in III B we explore the scaling behavior
of the order parameter and calculate the approximate
values of the critical exponents in order to identify the
universality class of the present model. Finally we sum-
marize in section IV.
II. THE MODEL
A. The distorted lattice
L × L distorted lattice is created by slightly ruffling
the sites of a regular L × L lattice. This has been done
systematically by setting a distortion parameter α which
denotes the maximum amount of dislocation along x
or y axis. Such a lattice can be generated using the
following steps:
• Initially an empty square lattice with equidistant
nearest neighbors is considered. The lattice con-
stant is set to unity.
• A suitable value for the distortion parameter α is
fixed. Since the undistorted distance is set to 1, α
may be varied within the range: 0 < α < 0.5.
• A lattice site at position (i, j) is chosen. Two ran-
dom numbers, rx and ry , are generated for x and
y direction respectively, in the range {−α, α}. The
position of this site is modified to (Xij , Yij), where,
Xij = i+ rx and Yij = j + ry .
• The above step is repeated for every site of the
lattice. A distorted lattice is thereby created.
Two suggestive representations of distorted lattice are
shown in figure 1 for two different values of α. As
shown therein, each site can now be located at any point
(i+rx, j+ry) within a square of length 2α with the undis-
torted position (i, j) at the center of the square. The
distance between any two neighboring sites is denoted in
general by δ. The minimum and maximum limits of δ
are therefore
δm = 1− 2α (1)
and
δM =
√
(1 + 2α)2 + (2α)2 (2)
respectively. Note that for α > 0.5, the lattice is over-
distorted: the squares of possible occupancy of two neigh-
boring sites in figure 1(c) would overlap and the notion
of identifying a site with reference to the regular lat-
tice points (i, j) would lose its meaning. We restrict this
study from low to moderate α.
B. Percolation process
In usual site percolation, some of the empty sites are
occupied randomly corresponding to an occupation prob-
ability p. In the present model, the following process has
been adopted after generating the distorted empty lat-
tice:
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FIG. 2. (Color online) (a) Variation of percolation threshold pc with distortion α for different fixed values of the connection
threshold d (each curve corresponds to a fixed value of d, in the range 1.0025 to 1.25). Distortion is varied within the range
α = 0− 0.3. The (blue) curve at the bottom corresponds to d = 1.25 and the one (brown) with a sharp rise is for d = 1.0025.
(b) Variation of percolation threshold pc with the connection threshold d for different fixed values of distortion α (each curve
corresponds to a fixed value of α, in the range 0.05 to 0.3). Connection threshold is varied within the range d = 1.0− 1.3. The
(blue) curve at the top-right corresponds to α = 0.3 and the left-bottom one (red) is for α = 0.05. All the plots of both the
figures are generated for a system size L = 210 and each pc-value is obtained by averaging over 200 independent realizations of
the lattice for a given set of values of α and d.
• The empty sites of the distorted lattice are occupied
randomly as per a given p.
• A connection threshold (d) is set.
• Distance (δ) between any pair of occupied neigh-
bors is calculated. These two neighbors are consid-
ered to be connected if δ ≤ d; otherwise, the link is
broken.
• The above step is repeated for each pair of occu-
pied neighbors and the clusters are identified ac-
cordingly to determine the possibility of percola-
tion.
It is clear from the above scheme that even if two near-
est neighbors are occupied, they may not belong to the
same cluster. This is the main difference of the present
model with usual site percolation. The connectivity of
any two occupied neighbors depends on δ (and therefore,
on α) and on the value of d. Since δm ≤ δ ≤ δM , the
range of interest for the connection threshold d is also
δm ≤ d ≤ δM . If d < δm, no cluster formation is pos-
sible; whereas, for d > δM , every occupied neighbor is
connected and the case is similar to usual (undistorted)
site percolation. However, as we shall see in the next
section, when d ≤ 1, the system suddenly ceases to per-
colate even for p = 1.0, making the range δm < d ≤ 1
uneventful.
In this work, the cluster identification and number-
ing has been done by the well known Hoshen-Kopelman
(HK) algorithm [34]. The connectivity criterion (δ ≤ d)
has been incorporated into the HK algorithm to appro-
priately reflect the properties of distorted lattice. We
emphasize that this is a controlled site percolation model
and is clearly distinct from bond percolation (where ev-
ery site is occupied and bonds are occupied randomly)
and site-bond percolation (where both the sites and the
bonds between the occupied neighbors are occupied ran-
domly) models.
III. RESULTS AND DISCUSSIONS
A. Variation of percolation threshold
Let us first study the effect of this distortion on the
percolation threshold(pc). For an undistorted square lat-
tice, this value is known to be pc ≈ 0.592746 = pcu as
the lattice size tends to infinity. It is not hard to realize
that pc depends on the relative strengths of α and d in a
distorted lattice.
To demonstrate these dependences clearly, we first cal-
culate pc(α) for different fixed values of d. Fig. 2(a)
shows eight curves, one each for a value of d ranging
between 1.0 and 1.25. All the curves stay at the value
pcu as long as α is low enough, so that δM < d. For
example, the (blue) curve for d = 1.25 at the bottom
(see fig. 2(a)) remains at pcu up to an appreciable value
of α. This is expected since this situation is similar
to undistorted percolation (even if α is non-zero) due
to large value of d. The maximum distance δM be-
tween the neighboring points has to exceed the connec-
tion threshold d for the manifestation of any effect of
distortion. For lesser values of d, percolation threshold
is affected by less distortion. It may be concluded from
these plots that when the connection threshold is held
fixed, pc increases with α. This means more distortion
makes it more difficult for the system to percolate. This
4result can be attributed to the fact that the average dis-
tance between two neighboring points increases with α as
δmin(α) ≈ 1 + 0.337629α
2. For lower values of the con-
nection threshold (d = 1.05, 1.025, 1.0125, 1.0025 here),
pc reaches very close to 1 at a certain value of α. As
d becomes smaller, this situation occurs with smaller α.
This indicates that all the sites need to be occupied to
span the lattice. Moreover, if α is further increased the
system is no longer guaranteed to percolate. In fig. 2(a),
each pc is calculated by generating 200 independent rep-
resentations for specific set of α and d. For each value
of d, pc is shown up to the value of α for which all the
200 representations percolate. At d = 1.0, the system
ceases to percolate for any non-zero value of α. We have
also checked that this situation persists for any d < 1.0.
Thus, for any value of connection threshold which is less
than or equal to the lattice constant (or, the undistorted
nearest neighbor distance, here taken to be 1.0), the sys-
tem can not percolate if any distortion, be it very small,
is present.
This is an important observation in the context of real-
istic applications of percolation, particularly since a per-
fectly ordered natural system can hardly be found. Con-
sider, for example the simulation of the forest-fire model.
Here, d can be interpreted as the fire-spreading thresh-
old. A distorted array will make it difficult for the fire
to percolate. Moreover, depending on the relative val-
ues of α and d, distortion can even completely stop fire-
percolation in a forest where the fire would have definitely
percolated for an undistorted array of same number of
trees.
Variation of the percolation threshold(pc) with the con-
nection threshold(d) is shown in fig. 2(b) for six different
values of the distortion parameter (α). A higher value of
d is expected to favor percolation and this is evident from
fig. 2(b), which shows that pc decreases with d when
α remains fixed. If d is large enough (and α is small
enough) to ensure that d > δM , the effect of distortion
disappears and consequently, the percolation threshold
stays at pc = pcu. In the other extreme, spanning be-
comes more difficult with a low connection threshold and
beyond a certain value, system can not percolate even
after occupying all the sites. For each α, the displayed
data start with the minimum value of d which ensures
that all the 200 independent realizations do necessarily
percolate.
All the plots of fig.2(a) and fig.2(b) can be re-
garded as separation curves between percolating and non-
percolating phases. This is shown in fig.3. For example,
if d = 1.025 and α = 0.05, spanning is guaranteed if
85% of the sites are occupied, since the point (0.05, 0.85)
in fig.3(a) falls in the percolating (green) region. Simi-
larly, if α = 0.15 and d = 1.05, a 70% occupancy is not
sufficient for spanning (see fig.3(b)).
The density plot (fig.3(c)) shows the variation of the
percolation threshold with both connection threshold and
distortion. Higher pc is obtained for high α and low d.
The blank portion on the left side indicates that the sys-
tem can not percolate for those values α and d.
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FIG. 3. (Color online) Plots of (a) pc(α) with d = 1.025 and
(b) pc(d) with α = 0.15. The curves (and all the other curves
in fig. 2(a) and fig. 2(b)) separate the spaces in percolating
and non-percolating phases. (c) A density plot for pc(d, α).
B. Order parameter and universality class
The percolation order parameter is usually defined as
ΩL(p) = 〈Smax〉/L
2, (3)
where Smax stands for the number of occupied sites in
the largest cluster and 〈〉 denotes configuration-average.
In order to calculate ΩL(p) for an L × L system , one
needs to occupy the sites as per the occupation proba-
bility p, count the number of sites in the largest cluster,
average over many such configurations and finally divide
it by L2. In fig. 4(a), ΩL(p) is plotted for four values of
the distortion parameter α = 0, 0.1, 0.15, 0.2 from left to
right for a fixed d = 1.1. As the effect of distortion di-
minishes, the curve shifts towards left. Similar situation
is displayed in fig. 4(b); here the influence of distortion
is reduced by increment in connection threshold (d), al-
though α = 0.1 remains unchanged. In fig. 4(b), the two
curves on the left are very close to each other. This indi-
cates that the undistorted scenario is being approached
and the curves with still higher d would be identical.
Figure 5(a) shows ΩL(p) for different system sizes:
L = 128, 256, 512, 1024, with the steepest one corre-
sponding to the largest L. The parameters of α = 0.2
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FIG. 4. (Color online) Plots of the order parameter ΩL(p) with p (a) for different values of α keeping d = 1.1 and (b) for
different values of d keeping α = 0.1. The curves shift towards left as the effect of distortion ceases when α decreases and d
increases. Each data point of both the plots are generated by averaging over 1000 independent realizations of the distorted
lattice.
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FIG. 5. (Color online) (a) Plots of ΩL(p) for different system sizes L = 2
6, 27, 28, 29, 210 with α = 0.2 and d = 1.1 for all the
points. [Inset] A log-log plot ΩL(p) with L at a particular value of (p− pc)L
1/ν along with a straight line fit of the data gives
β/ν = 0.1143. (b) A nice data collapse obtained when ΩL(p)L
β/ν is plotted against (p− pc)L
1/ν . [Inset] Plot of log
2
〈Smax〉 at
p = pc with log2 L and a straight line fit gives df = 1.8857, consistent with df = 2− β/ν.
and d = 1.1 have been held fixed. For this set of values
we find pc = 0.8025. Using the value of the critical ex-
ponent ν = 0.75 for standard percolation, when the hor-
izontal axis is scaled as (p− pc)L
1/ν , the curves of ΩL(p)
separate from each other with the L = 128 curve being
on top and the L = 1024 one at the bottom. The values
of ΩL(p) are collected at a fixed value of (p−pc)L
1/ν and
using these values a plot of lnΩL(p) with lnL is gener-
ated (see inset of figure 5(a)). The slope of the straight
line fit of this data gives β/ν = 0.1143. As known from
standard percolation criticality, if the vertical axis is now
scaled as ΩL(p)L
β/ν and plotted against (p− pc)L
1/ν , a
data collapse should be obtained. We do get a nice data
collapse in figure 5(b) using the obtained value of β/ν.
It is known that the percolating cluster at p = pc is a
fractal whose fractal-dimension df is given by
〈Smax〉 ∼ L
df . (4)
We calculate 〈Smax〉 for L = 2
7, 28, 29, 210 with α = 0.2
and d = 1.1 at p = 0.8025 = pc. Eq. 4 suggests that a
log-log plot of 〈Smax〉 and L would fit into a straight line
with its slope= df . In the inset of figure 5(b), we show
this plot along with a linear fit that gives df = 1.8857.
This confirms the well known relation between the fractal
dimension of the percolating cluster at pc and the relevant
critical exponents in two dimensional systems
df = 2− β/ν. (5)
The whole process has been repeated for two other sets
of values of α and d (plots are not shown as they look very
similar to those given in figure 5). For α = 0.1, d = 1.1,
6we get pc = 0.6617, β/ν = 0.1150 and for α = 0.2, d =
1.2, we get pc = 0.6665, β/ν = 0.1165. These values
should be compared to those for the ordinary percolation,
for which, β/ν = 0.1012 and df = 1.8958.
These results tend to indicate that the present variant
of percolation in a distorted lattice may belong to the
same universality class as the ordinary percolation. It
has to be understood that within the scope of the present
work, the values of the exponents, percolation threshold
and fractal dimension are suggestive. More precise val-
ues, rigorous analysis on their dependence on α and d
and a conclusive decision on universality class require fur-
ther detailed study and extensive numerical calculation
involving averages over larger number of configurations
with (preferably) bigger lattice sizes. We plan for such a
detailed study in our future endeavor.
IV. SUMMARY
To summarize, we have proposed a new model of perco-
lation in which the empty sites of a regular square lattice
are distorted. Distortion is incorporated into the system
through a parameter α, which randomly shifts the posi-
tion of each site within a square of length 2α centered at
the regular location of the site. Thus the nearest neigh-
bor distance may be more, equal or less than that of the
undistorted lattice. Two adjacent occupied sites are con-
sidered connected only when their distance is less than
a predefined value, called connection threshold d. In a
Monte-Carlo study via HK algorithm, we find that span-
ning becomes difficult for higher values of α and lower
values of d. The value of the percolation threshold pc
depends on its interplay with the two parameters α and
d and varies within pcu ≤ pc ≤ 1. Interestingly, if d is
less or equal to its value in the undistorted lattice (we
take this value to be unity), the system fails to percolate
with any non-zero α (be it very small, meaning slight
distortion) even when all the sites are occupied. From
the obtained values of the fractal dimension of spanning
cluster at pc and the critical exponents related to it, we
predict with caution that this model may belong to the
same universality class as usual site percolation.
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